We investigate the thermal Casimir interaction of a suspended graphene described by the Dirac model with a plate made of dielectric or metallic materials. The reflection coefficients on graphene expressed in terms of a temperature-dependent polarization tensor are used. We demonstrate that for a graphene with nonzero mass gap parameter the Casimir free energy remains nearly constant (and the thermal correction negligibly small) over some temperature interval. For the interaction of graphene with metallic plate, the free energy is nearly the same, irrespective of whether the metal is nonmagnetic or magnetic and whether it is described using the Drude-or plasma-model approaches. The free energy computed using the Dirac model was compared with that computed using the hydrodynamic model of graphene and big differences accessible for experimental observation have been found. For dielectric and nonmagnetic metallic plates described by the Drude model these differences vanish with increasing temperature (separation). However, for nonmagnetic metals described by the plasma model and for magnetic metals, a severe dependence on the chosen theoretical description of graphene remains even at high temperature. In all cases the analytic asymptotic expressions for the free energy at high temperature are obtained and found in a very good agreement with the results of numerical computations.
I. INTRODUCTION
It has been known that nanostructures based on carbon possess unique mechanical, electrical and optical properties.
1 Among them particular attention has been given to graphene, a two-dimensional sheet of carbon atoms arranged in a hexagonal structure with low-energy electronic excitations described by the Dirac equation. 2 At the present time suspended graphene membranes up to 55 µm diameter are produced. 3 This makes possible to investigate the van der Waals and Casimir interaction between graphene and different material structures, such as another sheet of graphene, atoms, molecules, dielectric and metallic plates, spheres etc. Respective theoretical investigations were performed using the phenomenological density-functional methods, 4-8 second-order perturbation theory 9 and, for multilayered carbon nanostructures, using the Lifshitz theory.
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To apply the Lifshitz theory, one needs the reflection coefficients on graphene over a wide frequency region. It is customary to express the reflection coefficients in terms of the frequency-dependent dielectric permittivity, a concept which is not well defined for oneatom-thick carbon nanostructures. Because of this, two models for the reflection coefficients on graphene with no use of dielectric permittivity were proposed, the hydrodynamic one 11, 12 and the Dirac one. 13, 14 In the framework of the hydrodynamic model, graphene is considered as an infinitesimally thin positively charged sheet, carrying a homogeneous fluid with some mass and negative charge densities. The hydrodynamic model was applied for calculation of the Casimir and Casimir-Polder interactions. [15] [16] [17] In the framework of the Dirac model, it is taken into account that for energies below a few eV the dispersion relation for quasiparticles in graphene is linear with respect to the momentum, whereas it is quadratic in the hydrodynamic model. The reflection coefficients of graphene at zero and nonzero temperature were found in Refs. 18 and 19 , respectively. Some calculations of the Casimir-Polder graphene-atom interaction were performed at zero temperature using both the hydrodynamic and Dirac models. 20, 21 It should be remembered, however, that both these models are only approximations. As was already mentioned, the hydrodynamic model disregards the Dirac character of charge carriers in graphene. As to the Dirac model, it extends the linear dispersion relation for quasiparticles to any energy, whereas this property applies only at low energies. Because of this, one can conclude that in calculations of the Casimir and Casimir-Polder forces the Dirac model of graphene should be applicable at large separations between the test bodies, whereas the hydrodynamic model might work at short separation distances.
There is also another approach to the application of the Lifshitz theory to graphene.
In this approach graphene is characterized by a spatially nonlocal dielectric permittivity depending both on the frequency and the wave vector. Different authors express such a dielectric permittivity either through the polarizability of one graphene layer 22 or in the random phase approximation.
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It is well known that thermal Casimir effect is a subject of debate and there are different theoretical approaches to its description. [24] [25] [26] For two graphene sheets in a nonretarded regime it was found 27 that a relatively large thermal correction to the Casimir force at room temperature arises at short separation distances of tens of nanometers. This conclusion was qualitatively confirmed, 19 using the Dirac model of graphene, with an alternative explanation. The reason for the origin of large thermal correction for graphene is that the contribution of all terms with nonzero Matsubara frequencies at room temperature becomes small in comparison with the zero-frequency term even at short separations. It was also found 28 that in graphene-atom Casimir-Polder interaction the thermal effect depends crucially on the magnitude of a mass gap parameter in the Dirac model. Specifically, for a nonzero gap there exists an interval of temperatures (separations) where the thermal correction remains small with increasing temperature (separation). The possibility of large thermal correction at short separations links the Dirac model of graphene to the Drude model used in the literature to describe the Casimir effect between real metals. 25, 26 Because of this, it is of much interest to investigate the thermal Casimir effect in the interaction of graphene with real material bodies made of different materials.
In this paper, we calculate the free energy of the Casimir interaction between a suspended graphene membrane described by the Dirac model and dielectric (silicon, sapphire) or metallic (Au, Ni) plates. In so doing materials of the plate are described by realistic dielectric permittivities taking into account the interband transitions of core electrons. We demonstrate that, similar to graphene-atom interaction, the behavior of thermal correction crucially depends on the mass gap parameter ∆ of the Dirac model. Note that although the Dirac-type excitations in pristine graphene are gapless, the influence of electron-electron interaction, substrates, defects of structure, and other effects leads to a nonzero mass gap.
2,29-32
Specifically, we show that larger is the magnitude of mass gap parameter, wider is the separation (temperature) interval, where the thermal correction remains small with increasing separation (temperature). For a metallic plate interacting with graphene, we perform all calculations using both the Drude-and plasma-model approaches to the dielectric permittivity of metal. In the case when graphene described by the Dirac model interacts with a metallic plate (either nonmagnetic or magnetic) the calculation results obtained using both approaches nearly coincide and do not depend on the magnetic properties. In contrast to the case of two Drude metals, the thermal correction for a graphene-metal interaction has the same sign as the interaction energy at zero temperature, i.e., the magnitude of the Casimir free energy increases with increasing temperature. Note that all results obtained for a free energy in graphene-plate geometry can be reformulated as the Casimir force between a material sphere and a graphene sheet using the proximity force approximation (PFA). 33 As was recently shown, [34] [35] [36] the error arising from the use of PFA is less than the ratio of separation distance to sphere radius.
In this paper we also compare the predictions of the Dirac model for the thermal Casimir effect with respective predictions of the hydrodynamic model and discuss the application region of each. Specifically, it is shown that the hydrodynamic and Dirac models of graphene lead to different results at short separations and to nearly coinciding results at large separations for the Casimir free energy of graphene interacting at room temperature with a dielectric plate or with a nonmagnetic metallic plate described by the Drude model. For a nonmagnetic metallic plate described by the plasma model or for a magnetic plate the predictions of the hydrodynamic and Dirac models of graphene are significantly different at all separations considered and can be discriminated experimentally. At large separations the asymptotic expressions for the Casimir free energy of graphene-plate interaction are derived and compared with the computational results.
The paper is organized as follows. In Sec. II we present the reflection coefficients of the electromagnetic oscillations on graphene in the Dirac and hydrodynamic models. Section III is devoted to the thermal Casimir interaction of graphene described by the Dirac model with a dielectric plate made of silicon or sapphire. Similar results for graphene interacting with a metallic plate made of Au and Ni are presented in Sec. IV. In Sec. V the theoretical predictions following from the Dirac and hydrodynamic models are compared. Our conclusions and discussions are contained in Sec. VI.
II. REFLECTION COEFFICIENTS ON GRAPHENE
Here, we briefly present the Lifshitz formula for the free energy of graphene interacting with a material plate and respective reflection coefficients on graphene derived using the Dirac and hydrodynamic models. It is supposed that the suspended graphene is at a separation a from the thick plate (semispace) at thermal equilibrium at temperature T . The material of a plate is described by the frequency-dependent dielectric permittivity ε(ω) and magnetic permeability µ(ω). The Casimir free energy per unit area F is given by the Lifshitz formula. 33 For simplicity in computations, we express it in terms of dimensionless variables as follows:
Here, k B is the Boltzmann constant, ζ l are the dimensionless Matsubara frequencies connected with the dimensional ones, ξ l = 2πk B T l/ , by the equality ζ l = ξ l /ω c where ω c = c/(2a). The dimensionless wave vector variable y is connected with the magnitude of the projection of the wave vector on the plane of a plate, k ⊥ , by the equality
The reflection coefficients on graphene, r
TM(TE) , and on a plate, r (p) TM(TE) , are for two independent polarizations of the electromagnetic field, transverse magnetic (TM) and transverse electric (TE). They are taken at imaginary frequencies. The prime near the summation sign means that the term with l = 0 is taken with a factor 1/2.
The reflection coefficients on graphene in the Dirac model were expressed in terms of the components of the polarization tensor in three-dimensional space-time in the following way 18, 19 
Here, the dimensionless components of the polarization tensor are defined as
and trace stands for the sum of spatial components Π 19 .
Here we consider the case of undoped graphene and put µ = 0. Then in terms of our dimensionless variables the result of Ref. 19 for the 00-component of the polarization tensor takes the following equivalent form:
In this expression, α = e 2 /( c) in the fine-structure constant (e is the electron charge), ∆ = ∆/( ω c ) is the dimensionless mass gap parameter, the dimensionless Fermi velocity isṽ F = v F /c ∼ 1/300, and the dimensionless variable τ is defined as τ = 2πT /T eff = 4πak B T /( c). Equation (4) also contains two dimensionless functions defined by
The result of Ref. 19 for the trace of the polarization tensor in terms of our dimensionless variables is given by
The properties of the reflection coefficients (2) with the polarization tensor (4) and (6) were studied previously.
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In the framework of the hydrodynamic model discussed in Sec. I the reflection coefficients on graphene take the more simple form 11, 12, 15, 16 
Here, the dimensionless characteristic wave number of the graphene is defined asK = 2aK, where the dimensional wave number is
In Eq. (8) n is the number of π-electrons per unit area, m is the electron mass. Note that the parameter K of the hydrodynamic model does not depend on temperature. Thus, the reflection coefficients (7) As to the reflection coefficient of electromagnetic oscillations on thick metallic plate (semispace), they have the standard form
Here, both the dielectric permittivity ε l ≡ ε(iω c ζ l ) and the magnetic permeability µ l ≡ µ(iω c ζ l ) are calculated along the imaginary frequency axis. by both electronic and ionic polarizations).
A. Free energy as a function of temperature
We begin with the free energy of interaction of graphene described by the Dirac model with Si plate. The dielectric permittivity of Si along the imaginary frequency axis was obtained 37, 38 by means of the Kramers-Kronig relations from the tabulated optical data for the complex index of refraction. 39 It is assumed to be temperature-independent. Computations were performed by Eq. (1), where the reflection coefficients on graphene are given by Eqs. (2), (4) and (6) , and on silicon by Eq. (9) with µ l = 1 and ε l specified above, over the temperature interval from 0 to 300 K at two separation distances a = 100 nm and a = 1 µm. For the mass gap parameter of the Dirac model of graphene only the upper bound is known. 18, 30, 32 For a suspended graphene we choose the realistic upper bound ∆ ≤ 0.1 eV.
For a graphene deposited on substrate, ∆ can be several times larger. Figure 1 suggests that within the temperature interval, where the free energy is nearly flat, the thermal correction to the Casimir energy at zero temperature should be relatively small. We confirm this conclusion by the direct computation of the thermal correction to the Casimir energy defined as
for the same values of parameters, as in Fig 
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It is instructive also to compute the relative thermal correction to the Casimir energy defined as
The computational results are presented in 
B. Free energy as a function of separation
Here, we present the computational results for the interaction of graphene described by the Dirac model with dielectric plates as a function of separation. The same equations and dielectric functions, as in Sec. IIIA, are used. Taking into account that the Casimir free energy strongly depends on separation, we normalize the results obtained on the Casimir energy per unit area between two parallel plates made of ideal metal
In Fig. 5 (a) the quantity F /E C at T = 77 K is plotted as a function of separation over the region from 50 nm to 5 µm. The lines from bottom to top correspond to the mass gap parameter equal to 0.1, 0.05, and 0.01 eV, respectively. In all cases the magnitude of the free energy decreases monotonously with the increase of separation (the increase of F /E C is Fig. 5 is explained by the fact that |E C | decreases with separation faster than |F |). In 
Equation (13) can be identically rearranged to the form
In the limit of high temperature we assume that πf F /τ ≪ 1. In this case
and Eq. (15) is reduced tõ
From Eq. (2) the TM reflection coefficient on graphene at zero Matsubara frequency is given by r (g)
Taking into account that in accordance with Eq. (9) for dielectric materials r (p) TE (0, y) = 0, we obtain from Eqs. (1) and (18) the following asymptotic expression for the Casimir free energy at large τ :
where the TM reflection coefficient of the dielectric plate at zero Matsubara frequency
Equation (20) can be rearranged to the form
In view of the fact that τ /(πṽ F ) ≫ 1, one obtains
Performing the integration in Eq. (22) we arrive at the following asymptotic expression for the Casimir free energy:
where Li n (z) is the polylogarithm function.
The application region of Eq. (23) (23) is not yet applicable at a = 5 µm and for graphene with ∆ = 0.01 eV works well for a ≥ 4 µm.
It is interesting to compare the asymptotic expression (23) with other results obtained in the literature. Thus, using the nonlocal dielectric function in the random phase approximation, the free energy of graphene interacting with a dielectric substrate (SiO 2 ) at large separations was found 23 to decrease as a −3 . This is not in accordance with the main term of our result (23) which demonstrates the classical limit, as is expected at large a. Note that another work 41 models the dielectric properties of graphene by the Drude-type function and arrives at the a −2 scaling for graphene-graphene interaction which satisfies the classical limit.
IV. THERMAL INTERACTION OF GRAPHENE DESCRIBED BY THE DIRAC MODEL WITH METALLIC PLATE
The case of graphene interacting with metallic plate is of special interest. As was men- The two experiments that support the Drude model approach 53, 54 are not independent measurements of the Casimir force; they are based on fitting procedures between measured data for the total force and theoretical predictions using hypothetical models for the electric contribution to it. Here, we show that in the interaction of graphene described by the Dirac model with metallic plate the results obtained are not sensitive to the approach used (either Drude or plasma). This is, however, not the case when graphene is described by the hydrodynamic model (see Sec. V).
A. Free energy as a function of temperature
Numerical computations of the Casimir free energy per unit area between graphene described by the Dirac model and Au plate were performed by using Eqs. (1), (2), (4)- (6) and (9) with µ l = 1. The dielectric permittivity of Au along the imaginary frequency axis was described either by the generalized Drude-like model with temperature-dependent relaxation parameter 55, 56 or by the generalized plasma-like model. 25, 33, 45 These models use the six-oscillator approximation for the optical data extrapolated to zero frequency by means of simple Drude and plasma models, respectively, with the plasma frequency ω p = 9.0 eV and the relaxation parameter at room temperature γ = 0.035 eV. At lower T the lower values of γ according to the standard theory of electron-phonon interaction have been used.
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The computational results using the Drude-and plasma-model approaches are found to be indistinguishable. Thus, at T = 77 K the relative difference between the Casimir free energies computed using both approaches achieves the maximum value of 0.02% at a = 50 nm, does not depend on ∆ in the limits of our computational accuracy, and decreases with the increase of separation. At T = 300 K this difference achieves the maximum values of 0.06% at ∆ = 0 and 0.07% at ∆ = 0.1 eV, and again decreases with increasing a. The computational results for the relative thermal correction, defined in Eq. (11) are presented in Fig. 9 as a function of temperature. The lines 1, 2, 3, and 4 again correspond to the same respective ∆, as in Fig. 8 . Figure 9 is analogous to Fig. 3 plotted for a dielectric plate (silicon). For a metallic plate at a = 100 nm the relative thermal correction at room temperature appears only slightly larger than for a dielectric plate. At a = 1 µm at room temperature the relative thermal correction for Au is smaller than for Si. This is explained by different values of the Casimir energy at zero temperature.
B. Free energy as a function of separation
Keeping in mind that in most experiments on the Casimir force the temperature is preserved constant and measurements are performed at different separation distances, here we present the computational results for a free energy of graphene-metal interaction as a function of separation. In Fig. 10 Au sphere and a magnetic metal (Ni) plate has been measured. 60 We have computed the Casimir free energy per unit area between a graphene described by the Dirac model and Ni plate using the same formalism, as for an Au plate. The dielectric permittivity of Ni along the imaginary frequency axis was found from the tabulated optical data 61 extrapolated to zero frequency either by the Drude or by the plasma model with the plasma frequency ω p = 4.89 eV and the relaxation parameter at room temperature γ = 0.0436 eV.
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The value of µ(0) = 110 for the static magnetic permeability of Ni has been used. It was found that relative differences in the computational results for the free energy of graphene-Ni interaction, when Ni is described using the Drude-and plasma-model approaches, are as small as computed above for the interaction of graphene with an Au plate. The influence of magnetic properties on the free energy was also shown to be negligibly small. The relative difference between the free energies of graphene-Ni and graphene-Au interactions for graphene with ∆ = 0.1 eV computed at T = 300 K is equal to 6% at a = 100 nm and decreases to 1% at a = 1 µm. It is less for smaller values of the mass gap parameter. Note that even these small differences are not due to magnetic properties of Ni but due to different plasma frequency and optical properties of Ni as compared to Au.
C. Asymptotic behavior at high temperature
Now we derive the analytic expression for the Casimir free energy of graphene described by the Dirac model interacting with metallic plate at τ ≫ 1. The contribution of the TM reflection coefficient for graphene interacting with dielectric plate was obtained in Eq. (22) .
Taking into account that for metallic materials r 0 defined in Eq. (20) is equal to unity, one obtains from Eq. (22)
Calculating the integral with respect to y and using Eq. (17), we arrive at
where ζ(z) is the Riemann zeta function. This result in the special case∆ = 0 was obtained in Ref. 63 . Note that for a dielectric plate considered in Sec. IIIC the contribution of the TM mode was in fact equal to the total free energy because r 
From Eq. (6) taken at l = 0, ζ 0 = 0 and Eq. (13) it is easily seen that
where the quantity θ is defined in Eq. (14) . After identical transformations with account of Eq. (16) the result is
This quantity is negligibly small as compared to unity because the main contribution to the Lifshitz formula (1) is given by y ∼ 1 and for∆ → 0 one has
Thus, we can neglect by the difference of polarization operators in the denominator of Eq. (26) and get
Using the Lifshitz formula (1) and Eq. (30) for the contribution of the TE reflection coefficient to the Casimir free energy of graphene-metal interaction at high temperature, we arrive at
Here we have used that |r (g) TE (0, y)| ≪ 1 at y ∼ 1. Now we are in a position to consider metallic plates made of nonmagnetic and magnetic metals described within both the Drude and the plasma model approaches and in all cases find the high-temperature behavior of the total Casimir free energy. We begin with a nonmagnetic metal described by the Drude model approach. In this case from Eq. (9) one obtains that r Next we consider a nonmagnetic metal described by the plasma-model approach. In this case from Eq. (9) we have
where the parameter δ is defined as
and δ p ≡ c/ω p is the effective penetration depth of electromagnetic oscillations into the metal. Substituting Eq. (32) in Eq. (31) and integrating with respect to y, one obtains
The total asymptotic expression for the free energy at high temperature is given by the sum of (25) and (34) . Note that the contribution of the TE mode (34) is a negligibly small correction because αṽ
We are coming now to the consideration of magnetic metals described by the Drude model. From Eq. (9) it follows
The substitution of this reflection coefficient in Eq. (31) results in
This term is again negligibly small, as compared to F TM (a, T ), so that the total Casimir free energy at high temperature is well described by Eq. (25).
Finally we consider the asymptotic expression for the free energy of graphene interacting with a magnetic metal described by the plasma model. In this case from Eq. (9) we get
This is similar to Eq. (32) with the replacement of δ for δ µ(0). Thus, instead of Eq. (34), one obtains
The total asymptotic expression for the free energy at high temperature is given by the sum of Eq. (25) and negligibly small addition (38) depending on the properties of magnetic metal. The obtained analytic expressions were found in good agreement with the results of numerical computations within appropriate temperature (separation) intervals.
V. COMPARISON BETWEEN HYDRODYNAMIC AND DIRAC MODELS OF GRAPHENE
On this section we compare the computational results for the free energy of grapheneplate interaction obtained using two different models of graphene discussed in Secs. I and II.
We find separation regions where the predictions of both models are distinct and similar and compare respective asymptotic expressions for the free energy at high temperature (large separations).
A. Comparison between computational results for graphene described by two different models
Keeping in mind the possibility to compare theoretical predictions for the Casimir force with the experimental data, we calculate the free energy of graphene-plate interaction as a function of separation for both dielectric and metallic plates. Computations were performed using the Lifshitz formula (1) where the reflection coefficients (17) As is seen in Fig. 11 by the factors of 2.5 and 1.3 at a = 0.5 µm and a = 1.5 µm, respectively. As is seen in Fig. 11(b) , at T = 300 K, a > 4 µm the asymptotic regime of large τ is already achieved and the predictions of the hydrodynamic and Dirac models almost coincide. At T = 77 K [ Fig. 11(a) ] the asymptotic regime of large τ is achieved at much larger separations than those shown in the figure.
Now we compare the predictions of the hydrodynamic and Dirac models of graphene interacting with a metallic plate. All computations were performed using the same formalism as above. We considered the plates made of a nonmagnetic metal Au and a magnetic metal Ni. Each of these metals was described either using the Drude-or the plasma-model approach.
The computational results for the normalized free energy F /E C are presented in Fig. 12 at T = 300 K as a function of separation. In this figure, the solid line is reproduced from Fig. 10(b) [note that in the scale of Fig. 12 the two solid lines in Fig. 10(b) As an example, the Casimir free energy of graphene-metal interaction computed using the hydrodynamic model of graphene at a = 1 µm, T = 300 K is larger than the same quantity computed using the Dirac model by factors of 2.37 (for an Au plate described by the plasma model), 2.15 (for a Ni plate described by the plasma model), 1.93 (for an Au plate described by the Drude model), and 1.55 (for a Ni plate described by the Drude model). This allows comparison between different theoretical predictions and experimental data. It is interesting that for lines 1-3 the magnitude of F predicted by the hydrodynamic model is always larger than for the predictions of the Dirac model (solid line). As to the line 4 (Ni described by the Drude model), the prediction for |F | from the hydrodynamic model becomes less than from the Dirac model at a ≈ 1.55 µm and remains so at larger separations. Thus, at a = 5 µm the ratio between the predictions of hydrodynamic and Dirac models is equal to 0.42.
B. Asymptotic behavior at high temperature
As was mentioned in Sec. IIIC, at high temperature (large separations) the zero-frequency term of the Lifshitz formula (1) alone determines the Casimir free energy. The reflection coefficients on the graphene, described by the hydrodynamic model, at zero frequency follow from Eq. (7) r (g)
Taking into account that for a hydrodynamic model at T = 300 K the high-temperature regime starts at a > 5 µm, we find from Eq. (8) that at these separationsK > 6.75.
Substituting Eq. (39) for the reflection coefficient r
TM into the zero-frequency term of the Lifshitz formula (1), for the TM contribution to the free energy at high temperature one obtains
For a dielectric plate, using Eq. (20) and integrating in Eq. (40), we get
As noted in Sec. IIIC, for a dielectric plate the contribution of the TE mode to the free energy vanishes. Thus, Eq. (41) provides the complete expression for the free energy of graphene-dielectric interaction at high temperature. Equation ( For a metallic plate, replacing r 0 with unity, we arrive at
This result coincides with the first term of the asymptotic expression (25) obtained for graphene described by the Dirac model. Equation (42) provides the total asymptotic expression for the free energy only in the case when a nonmagnetic metal of the plate is described by the Drude model (see the dashed line 3 approaching the solid line in Fig. 12 when the separation distance increases).
Now we consider the contribution of the TE mode to the free energy of graphene-metal Casimir interaction. From Eq. (39) we have
where β = 1/K takes the maximum value β max ≈ 0.15 and decreases with further increase of separation. Then, for the contribution of the TE mode to the free energy at high temperature one obtains
For a nonmagnetic metal described by the plasma model the reflection coefficient r (44), we find
Taking into account that at a > 5 µm it holds β ≫ 4δ, a more simple expression is also valid
By combining Eq. (42) and Eq. (46), the total free energy for the interaction of graphene with a nonmagnetic metal described by the plasma model is obtained
Note that the main contribution to this free energy is twice that in Eq. (25) We are coming now to a magnetic metal described by the Drude model. In this case the reflection coefficient of the plate at zero frequency is given by Eq. (35) . The substitution of Eq. (35) in Eq. (44) leads to
where
After the integration in Eq. (48) the result is
By combining Eq. (42) and Eq. (50), we obtain the following total free energy for graphene interacting with a magnetic metal described by the Drude model:
As an example, for Ni r µ = 0.982 and Eq. (51) takes the form
In is seen that the main contribution to this expression differs from the main term in Eq. (25) obtained for the Dirac model of graphene. This is reflected also in Fig. 12 (compare the dotted line labeled 4 and the solid line).
For a magnetic metal described by the plasma model we use the reflection coefficient (37) and substitute it in Eq. (44) . All calculations are similar to the case of nonmagnetic metal, but the quantity δ is replaced for δ µ(0). Thus, instead of Eq. (45), we obtain
In this equation, however, it is impermissible to neglect by the quantity δ µ(0) as compared to β. Substituting the numerical values of constants to Eq. (53), we find
By combining Eq. (54) and Eq. (42), we arrive at the total free energy of graphene interacting with a magnetic metal described by the plasma model
The main contribution to Eq. (55) is by a multiple two larger than the main contribution to Eq. (25) obtained for the Dirac model of graphene (compare the dotted line labeled 2 and the solid line in Fig. 12 ).
The obtained analytic asymptotic expressions for the free energy of graphene described using the hydrodynamic model in graphene-metallic plate geometry is in good agreement with the results of numerical computations. Thus, for an Au plate described by the Drudeand plasma-model approaches at a = 5 µm, T = 300 K, the results of analytic and numerical calculations differ by 0.35% and 1.4%, respectively. For Ni the same relative differences are equal to 9.3% and 3%. Note that relatively large deviation obtained for Ni plate described
by the Drude-model approach is explained by the fact that in this case at a = 5 µm the linear asymptotic regime is not yet achieved (see the dotted line labeled 4 in Fig. 12 ).
To conclude, we emphasize that all results for the Casimir free energy obtained in this and previous sections are simply convertable to the Casimir force F (a, T ) in the experimentally relevant configuration of a sphere above a plate used in most of experiments on measuring the Casimir force. This can be done by means of the PFA which states that
where R is the radius of the sphere. In our case, where F (a, T ) is the Casimir free energy between a graphene sheet and a material plate, the force F (a, T ) defined in Eq. (56) can be considered as the Casimir force acting between a graphene sheet and a material sphere of radius R. As was mentioned in Sec. I, the error introduced by the use of the PFA was recently proved [34] [35] [36] to be smaller than a/R (i.e. or order of 0.1% for the typical values of parameters). Keeping in mind that many effects considered above far exceed 100%, the use of the PFA in the comparison between experiment and theory is fully justified.
VI. CONCLUSIONS AND DISCUSSION
In the foregoing, we have investigated the Casimir free energy and the thermal correction to the Casimir energy at zero temperature for a suspended graphene sheet interacting with a material plate, either dielectric or metallic. In so doing graphene was described by the fully relativistic Dirac model with temperature-dependent polarization tensor. The dielectric properties of the plate were described by the frequency-dependent dielectric permittivity taking into account the interband transitions of core electrons. For a metallic plate both the Drude-and plasma-model approaches suggested in the literature have been used.
The main novel result obtained for both dielectric and metallic plates is that for graphene with any nonzero mass gap parameter ∆ there exists temperature interval where the Casimir free energy remains nearly constant. This happens under the condition k B T ≪ ∆, which should be satisfied with a large safety margin. If this condition is satisfied, the thermal correction to the Casimir energy at zero temperature remains negligibly small. We have also demonstrated that under the condition ∆ k B T the thermal correction becomes relatively large. This makes possible large thermal corrections for a graphene sheet interacting with material plate at rather low temperature (short separations).
With respect to the interaction with a metallic plate, it was shown that for graphene described by the Dirac model the computational results for the free energy are nearly independent on whether the Drude-or plasma-model approach to the dielectric permittivity of metal is used. To a large extent the free energy of graphene interacting with metallic plate is also independent on whether metal is nonmagnetic or magnetic if graphene is described by the Dirac model. In all cases considered (dielectric or metallic plate, nonmagnetic or magnetic, described by the Drude-or plasma-model approach) the analytic asymptotic expressions for the Casimir free energy at high temperature (large separations) have been obtained and compared with the results of numerical computations.
The Casimir free energies obtained using the Dirac model of graphene were compared with those calculated using the hydrodynamic model. It was shown that at moderate temperatures (separations) the magnitudes of the free energy computed using the hydrodynamic model of graphene differ significantly from that computed using the Dirac model. 
